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Chaos theory studies deterministic systems that can be predicted
only for a limited period before their behavior begins to appear
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forecast reliably depends on three factors: the amount of uncertainty

that can be tolerated in the prediction, the precision with which the
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scale determined by the system’s dynamics, called the
Lyapunov time. Examples of Lyapunov times include chaotic
electrical circuits, around 1 millisecond; weather systems, a
few days (though this is unproven); and the inner solar
system, approximately 4 to 5 million years.[l] In chaotic
systems, forecast uncertainty grows exponentially over time.
Mathematically, doubling the forecast period increases the
relative uncertainty by more than a factor of four
Consequently, in practice, reliable predictions cannot be made
over periods longer than two or three Lyapunov times. When
forecasts lose meaningful accuracy, the system’s behavior
effectively appears random.[2]

Chaos in Everyday Life

Something “chaotic” in life, just means it seems random,
uncontrollable, or impossible to predict. It’s that feeling that a
tiny event can blow up into something bigger.

Everyday Examples of Chaos

= Traffic jams: One driver hits the brakes, and the
whole highway slows to a crawl. A hesitation
spreads and becomes a massive block.

= Weather: A small change, like the temperature being
0.1 °C higher in one spot, can shift the atmosphere
enough to change next week’s weather.

= People and relationships: One off timed remark can
throw off a whole conversation or ruin a relationship.

Plot of the Lorenz attractor with

parametersr =28, 0 =10, b= g

A 3D visualization of the Lorenz attractor.

Being just five minutes late might mean missing someone who could have changed your

life.
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Chaos in the Physical World Animation of a double-rod
pendulum showing

The universe follows exact laws, but chaos shows up everywhere, from the chaotic motion. Even tiny

tiniest particles to everyday physics. changes in the initial
conditions lead to a
= Molecules in a Glass of Water A single glass of water contains + dramatically different
10%* molecules zipping around and colliding billions of times per trajectory. The double
second. Even if you somehow knew every molecule’s exact pendulum is one of the
location and speed, the smallest measurement error would grow simplest systems that
so quickly that predictions would fall apart almost immediately. displays chaotic behavior.

That's why physicists don’t follow each patrticle, they use
statistical mechanics instead.

Turbulent Flow

If you turn a glass gently, the water flows smoothly. Turn it up, and the flow suddenly becomes messy
and unpredictable. Smoke behaves the same way: a steady stream at first, then chaotic twisting. Fluid
equations are completely deterministic, but nearly identical starting conditions can lead to wildly different
results, classic chaos.

A Classic Example: The Double Pendulum

Set up two double pendulums with almost the same starting angle and speed, and within seconds they’ll
be swinging in totally different patterns. It’s a simple mechanical device, but its behavior becomes
unpredictable very quickly.

Fractals Everywhere

Coastlines, rivers, mountains, trees, blood vessels, broccoli—so many natural shapes repeat similar
patterns at different scales. These fractal-like forms usually come from chaotic processes running over
and over. Even heartbeats and brain signals show healthy chaotic variation; when they become too
perfectly regular, that’s usually a sign that something is wrong.

Chaos on Cosmic Scales

Even the universe at its largest scales is shaped by chaos.

The Early Universe

Right after the Big Bang, tiny quantum fluctuations created random differences in density. When the
universe expanded rapidly during inflation, these tiny “wiggles” were stretched out and became the seeds
of all future structure. The enormous web of galaxies and empty regions we see today grew out of that
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Start with an almost even cloud of gas, add a few small density differences, and let gravity act for billions
of years. With complications like explosions, black holes, and collisions, those tiny early variations
decide whether a galaxy ends up as a smooth spiral or a jumbled merger full of starbursts.

Star Clusters

In dense star clusters, each star feels the pull of countless neighbors. The orbits are so sensitive that after
just a few crossings, predictions break down. Stars get flung outward or drawn into the center, and the
whole cluster slowly loses members because of this chaotic behavior.

Galaxy Collisions

When galaxies run into each other, stars almost never physically collide, but gravity throws them onto
completely new paths. Long tidal tails, stretched bridges of stars, and distorted shapes appear. It’s chaotic
but often stunning to look at. Yet even with all this underlying chaos, the universe still settles into
recognizable patterns—spiral arms, predictable relations between galaxy properties, the smoothness of
the cosmic microwave background, and more.

Bottom Line

Chaos isn’t the absence of order, it’s what helps create the most interesting kinds of order. From the swirls
in a cup of coffee to massive cosmic structures spanning hundreds of millions of light-years, tiny
differences can lead to huge outcomes. Perfect prediction will always be out of reach, and that
fundamental unpredictability is part of what makes the universe active, complex, and far more than a
simple clockwork machine.

Chaos theory

is an interdisciplinary field of study and a branch of mathematics that examines how deterministic
dynamical systems can produce highly unpredictable behavior. Although such systems follow exact rules,
they can respond extremely sensitively to their starting conditions, a property once mistaken for pure
randomness.’*) Chaos theory shows that chaotic complex systems are not simply disordered. Hidden
within their irregular behavior are repeating structures: patterns, interconnections, ongoing feedback
loops, forms of self-similarity, fractal organization, and various kinds of self-organization.[4] A key
concept is the butterfly effect: in a deterministic nonlinear system, a tiny shift in initial conditions can
amplify into major changes later on.I] This is often illustrated with the metaphor of a butterfly’s wings in
Brazil influencing the development of a tornado in Texas.[6171:181-184[8] gma)) variations in starting
conditions—whether from measurement inaccuracies or rounding in numerical computation—can cause
systems of this kind to evolve in dramatically different ways, making reliable long-term forecasts of their
behavior generally impossible.[g] This occurs even though these systems are deterministic—their future

(10]

evolution is uniquely fixed by their initial state’*! and contains no random ingredients.[ll] Thus, even
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Chaos: When the present determines the future but the approximate present
does not approximately determine the future.

Chaotic dynamics appear in many natural contexts, such as fluid turbulence, irregular heart rhythms, and
the behavior of weather and climate systems.[lS][w] Chaos can also arise spontaneously in systems
involving human-made components, like road traffic. Researchers analyze this behavior using chaotic
mathematical models and tools such as recurrence plots and Poincaré maps. Chaos theory plays a role in
diverse fields including meteorology,[lo] anthropology,HG] sociology, environmental science, computer
science, engineering, economics, ecology, and pandemic crisis management.[17][18] The theory has
helped shape areas such as complex dynamical systems, edge of chaos theory, and self-assembly
processes.

Chaotic dynamics

In everyday language, "chaos" refers to "a state of
disorder".['%] In chaos theory, however, the term is used in a é—< I
more precise sense. While there is no universally accepted I.-'f g___
mathematical definition of chaos, a widely used formulation r"; \

by Robert L. Devaney states that a dynamical system is f.-" / \
considered chaotic if it satisfies the following conditions:[2% / ."I \

it exhibits sensitivity to initial conditions, it is topologically I \

transitive, it possesses dense periodic orbits. In some [/ N

situations, the second and third properties can actually imply [ E— =1T._——_—O
sensitivity to initial conditions.2H22] For discrete-time *;ﬁf \

systems, this holds for all continuous maps on metric k‘ \

spaces.[23] In these cases, although sensitivity to initial N\
conditions is often the most practically relevant property, it ‘f_}
does not need to be explicitly stated in the definition. When  The map defined by x - 4 x (1 - x) and

attention is restricted to intervals, the second property alone Y — (X +¥) mod 1 shows sensitivity to
initial x positions. Two series of x and y
values, starting from a very small

difference, diverge rapidly over time.

implies the other two.[24 A slightly weaker alternative
definition of chaos uses only the first two conditions

above.[25]

Sensitivity to initial conditions
Main resource: Butterfly effect

Sensitivity to initial conditions refers to the property that in a chaotic system, points that are initially
very close can follow drastically different trajectories over time. Even an imperceptibly small change in
the starting state can lead to markedly different outcomes. This phenomenon is popularly known as the
"butterfly effect”, named after a 1972 presentation by Edward Lorenz to the American Association for the
Advancement of Science in Washington, D.C., entitled Predictability: Does the Flap of a Butterfly's
Wings in Brazil set off a Tornado in Texas 2261 1 this metaphor, the butterfly’s wing represents a tiny
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emphasized in his 1993 book The Essence of Chaos,l7):8

"sensitive dependence can serve as an acceptable definition of

chaos". He defined the butterfly effect as: "The phenomenon

that a small alteration in the state of a dynamical system will

cause subsequent states to differ greatly from the states that

would have followed without the alteration."l”?3 This Lorenz equations used to generate plots
description matches the concept of sensitive dependence on oy the y variable. The initial conditions
initial conditions (SDIC). Lorenz illustrated SDIC with an  for z and z were kept the same, while

idealized skiing model, showing how small changes in  those for y were slightly varied between
[71:189-204 5 1.001, 1.0001, and 1.00001. The
parameters were p = 45.91, o = 16, and
B = 4. The graph shows that even

27] minimal differences in initial values
significantly. A consequence of sensitivity to initial produce substantial divergence after

conditions is that if we start with a limited amount of  about 12 seconds.
information about the system (as is usually the case in

starting positions affect time-dependent paths.
predictability horizon can be estimated before SDIC fully
manifests, i.e., before initially close trajectories diverge

practice), then beyond a certain time, the system would no

longer be predictable. This is most prevalent in the case of weather, which is generally predictable only
about a week ahead.?8] This does not mean that one cannot assert anything about events far in the future
— only that some restrictions on the system are present. For example, we know that the temperature of the
surface of the earth will not naturally reach 100 °C (212 °F) or fall below —130 °C (-202 °F) on earth
(during the current geologic era), but we cannot predict exactly which day will have the hottest
temperature of the year. In more mathematical terms, the Lyapunov exponent measures the sensitivity to
initial conditions, in the form of rate of exponential divergence from the perturbed initial conditions.[2%!
More specifically, given two starting trajectories in the phase space that are infinitesimally close, with
initial separation §Zg, the two trajectories end up diverging at a rate given by

10Z(¢)| ~ e |6Z|,

where t is the time and A is the Lyapunov exponent. The rate of separation depends on the orientation of
the initial separation vector, so a whole spectrum of Lyapunov exponents can exist. The number of
Lyapunov exponents is equal to the number of dimensions of the phase space, though it is common to just
refer to the largest one. For example, the maximal Lyapunov exponent (MLE) is most often used, because
it determines the overall predictability of the system. A positive MLE, coupled with the solution's
boundedness, is usually taken as an indication that the system is chaotic.19 In addition to the above
property, other properties related to sensitivity of initial conditions also exist. These include, for example,

measure-theoretical mixing (as discussed in ergodic theory) and properties of a K—system.[13]

Non-periodicity

A chaotic system may have sequences of values for the evolving variable that exactly repeat themselves,
giving periodic behavior starting from any point in that sequence. However, such periodic sequences are
repelling rather than attracting, meaning that if the evolving variable is outside the sequence, however
close, it will not enter the sequence and in fact, will diverge from it. Thus for almost all initial conditions,
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future; rather, only broad constraints apply. Other mathematical notions related to sensitivity to initial
conditions include measure-theoretic mixing from ergodic theory and properties associated with K-
systems.[13] Chaotic systems may contain strictly periodic orbits, but these are repelling rather than
attracting. A trajectory starting even slightly off such an orbit will move away from it over time.
Consequently, for almost all initial conditions, the system evolves in a non-periodic, chaotic manner.

Combinatorial (or complex) chaos

Some definitions of chaos do not rely on sensitivity to initial conditions. One example is combinatorial
chaos, which arises when a discrete combinatorial rule is applied repeatedly.[30] This kind of behavior is
closely related to the dynamics seen in cellular automata. It is significant because systems exhibiting this
form of chaos can be computationally universal: they can simulate a Turing machine, meaning that the
halting problem becomes undecidable within their evolution. As a result, certain computational processes
within such systems may never terminate. This represents a fundamentally different pathway to

unpredictability.Bl]

History

James Clerk Maxwell was one of the first scientists to emphasize the
importance of initial conditions, and he is considered an early
contributor to chaos theory, with work in the 1860s and
1870s.132133134] 1y the 1880s, while studying the three-body problem,
Henri Poincaré discovered that certain orbits can be nonperiodic, yet
neither diverge to infinity nor approach a fixed point.[35][36][37] In
1898, Jacques Hadamard published a study of a free particle moving

frictionlessly on a surface of constant negative curvature, known as
(38]

"Hadamard's billiards". He showed that all trajectories are unstable,

with particle trajectories diverging exponentially, corresponding to a  Samsley fern created using the

chaos game. Natural forms

40 (ferns, clouds, mountains, etc.)
equations was conducted by George David Birkhoff,[#%] Andrey may be recreated through an

positive Lyapunov exponent.Bg] Further work on nonlinear differential

Nikolaevich Kolmogorov,[41][42][43] Mary Lucy Cartwright and John iterated function system (IFS).
Edensor Littlewood,*¥ and Stephen Smale.[4°] Experimentalists and

mathematicians had observed turbulence in fluid motion, chaotic

behaviour in society and economy, nonperiodic oscillation in radio circuits, and fractal patterns in nature
long before a formal theory existed.

A popular but inaccurate analogy for chaos

The sensitive dependence on initial conditions (i.e., the butterfly effect) has often been illustrated through
the well-known piece of folklore:
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For want of a battle, the kingdom was lost.
And all for the want of a horseshoe nail.

Because of this verse, many readers incorrectly assume that the effect of a tiny initial perturbation must
increase monotonically with time, or that any arbitrarily small change will inevitably produce a large
impact in numerical integrations. In 2008, however, Lorenz argued that the verse does not describe true
chaos, but instead illustrates the simpler notion of instability. The rhyme also suggests an irreversible
cascade of consequences, whereas chaotic systems often exhibit later events that can partially offset
earlier divergences. In this sense, the verse indicates divergence but omits the requirement of
boundedness, which is necessary for the finite extent of a butterfly-shaped attractor. The behaviour
described by the rhyme is therefore better characterized as “finite-time sensitive dependence.”

Applications

Although chaos theory originated from the study of weather,
it has since found application in a broad range of fields. These
include geology, mathematics, biology, computer science,

economics, 47148149 engineering, 201211
finance,[52153][54155](56] meteorology, philosophy,
anthropology,16]  physics, 371581591 politics, (601611

population dynarnics,[Gz] and robotics. The following

subsections provide examples but are not exhaustive, as new
applications continue to emerge.

A conus textile shell, similar in
appearance to Rule 30, a cellular

s Cryptography

Main resource: Chaotic cryptology

automaton with chaotic behaviour

Chaos theory has been used in cryptography for decades. In
recent years, chaos and nonlinear dynamics have inspired hundreds of cryptographic primitives, including
image encryption algorithms, hash functions, secure pseudorandom number generators, stream ciphers,
watermarking, and steganography.[GS] Most such algorithms use uni-modal chaotic maps, with the control
parameters and initial conditions serving as cryptographic keys.[64] The conceptual similarity between
chaotic maps and cryptographic systems is a major motivation for chaos-based design.[63] Symmetric-key
cryptography relies on diffusion and confusion, which can be modeled effectively by chaotic
dynamics.[GS] In addition, the combination of chaos theory with DNA computing has been explored for
image and data encryption,[GG] although many DNA-chaos encryption schemes have later been shown
insecure or inefficient.[67168169]
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behaviour has also been observed in passive-dynamics biped robots, which can exhibit complex gait

patterns.!71]

Biology

For more than a century, biologists have modeled species populations using population models, many of
them continuous. More recently, chaotic models have been applied to certain discrete populations.[72] For
example, time-series models of Canadian lynx populations have displayed evidence of chaotic
dynamics.[73] Chaos is also investigated in ecological systems such as hydrology. Although hydrological
models may face limitations, analyzing them from a chaotic perspective can still provide insight.[74] In
cardiotocography, chaos-based modeling has been used to develop more sensitive indicators of fetal
hypoxia while maintaining non-invasiveness.”> As Perry notes, modeling chaotic time series in ecology
benefits from appropriate constraints.[761:176,177 Distinguishing genuine chaos from model-induced chaos
can be difficult, so constrained models or duplicate time series help ensure realism, for instance in Perry
& Wall 1984.[761:176,177 1 evolutionary biology, gene-for-gene co-evolution may exhibit chaotic
dynamics in allele frequencies.[77] Adding variables, reflecting more realistic population structure, often
increases the likelihood of chaos.””] Foundational co-evolutionary studies by Robert M. May helped
establish this line of research.””! Even in constant environments, a single crop interacting with a single
pathogen may generate quasi-periodic or chaotic oscillations in pathogen population.[78]

Economics

Economic models may also benefit from ideas from chaos theory, though assessing the stability of an
economic system and identifying the most influential factors remains highly complex.[79] Unlike classical
physical systems, economic and financial systems are fundamentally stochastic, emerging from
interactions among people. Purely deterministic models therefore tend to fall short in representing
economic data. Empirical attempts to test for chaos in economics and finance have produced mixed
results, partly because studies sometimes confuse tests for genuine chaos with more general tests for
nonlinear structure.[8% Chaos in economic time series can be investigated using recurrence quantification
analysis (RQA). Orlando et al.[B1 ysed the recurrence quantification correlation index to detect subtle
structural changes in time-series data. The same technique has been applied to identify transitions from
laminar (regular) to turbulent (chaotic) behavior, and to distinguish dynamical differences among
macroeconomic variables, thereby exposing hidden features of economic evolution.!82] More recently,
chaos-based approaches have been explored in modeling economic activity and incorporating shocks

from external events such as COVID-19.[83!]

See also

Examples of chaotic systems

= Advected contours = Bifurcation theory
= Arnold's cat map » Bouncing ball dynamics
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